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INDEFINABLES AND INDEMONSTRABLES IN 
MATHEMATICS AND THEOLOGY. 

i. 

IT is a platitude to say that we can neither define every 
object nor prove every proposition. But the platitude 
becomes a somewhat interesting truth if we do not use the 
phrase merely to remind our hearers of the variable char- 
acter of the objects known to the world of sense, and the 
limitations of our experience or sparseness of such records 
as seem necessary to establish the existence of an oc- 
currence in the past. 

Even in the domain of logic we need what Peano has 
called "primitive ideas" and "primitive propositions". In 
fact, since all definitions of terms are effected by means of 
other terms, every system of definitions which is not cir- 
cular must start from a certain apparatus of undefined 
terms. It is to some extent optional what ideas we take as 
undefined. Thus, the idea c may be definable in terms of 
the ideas o and b, or b may be definable in terms of a and c; 
and thus it is allowable to take either a and b or o and c as 
primitive ideas. Naturally, of two systems of primitive 
ideas from which the same propositions can be deduced, 
that system with the least number of primitive ideas would 
be chosen for logical — though possibly not for pedagogical 
— purposes. Further, if we wish to make all our assump- 
tions explicit, and to effect the deduction of all our other 
propositions from these assumptions, it is obvious that the 
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first assumptions which we need are those that are required 
to make deduction possible. A proposition can only be 
proved by means of other propositions. Deduction, then, 
can only begin by a stating and assuming the truth of the 
necessary primitive propositions, "explaining" them if nec- 
essary. Sometimes their truth is so evident that "explana- 
tion" is superfluous, and we at once understand — or at 
least think we do — though we cannot prove them. We 
may also "explain" the primitive ideas. The process of 
"explanation" is psychological: we call up an idea in the 
mind of the reader by a process which contains the idea 
to be explained. If this process of explanation of primitive 
ideas professed to be part of logic, it would of course be 
objectionable. But it does not : this "explanation" is merely 
a stimulation of the mind with the object of rousing it to 
see the idea in question. 1 

As regards the self-evidence of the primitive propo- 
sitions, "the chief reason," say Dr. Whitehead and Mr. 
Russell, 2 "in favor of any theory on the principles of mathe- 
matics .... must lie in the fact that the theory in question 
enables us to deduce ordinary mathematics. In mathe- 
matics, the greatest degree of self-evidence is usually not 
to be found quite at the beginning, but at some later point ; 
hence the early deductions, until they reach this point, give 
reasons rather for believing the premises because true con- 
sequences follow from them, than for believing the con- 
sequences because they follow from the premises." 

Ernst Schroder 3 called the collection of the primitive 
ideas and primitive propositions of logic the "faith of the 
logician" (das Glauben des Logikers). But, though at 
first sight there seems to be much in common with the 
"deposit of faith" mentioned below, we must remember 

1 Cf., for the foregoing, A. N. Whitehead and B. Russell, Principia Mathe- 
matical, Vol. I, Cambridge, 1910, pp. 94, 95. 

2 Ibid., pp. v-vi. 

8 Vorlesungen iiber die Algebra der Logik, Vol. I, Leipsic, 1890. p. 8. 
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that the appearance of dogmatism in the logician's proce- 
dure is deceptive, since all reasoning without exception 
assumes some at least of the primitive premises. We may 
doubt the principles by which we infer, but obviously we 
cannot make any inference from our doubt. The question 
as to which principles it is possible to drop for certain 
classes of deductions has not yet been thoroughly treated. 
In general, it does not yet seem possible to say more than 
that some axioms or indemonstrable principles are used 
very much less than others, so that a refusal to use the 
former would hardly be noticed by the non-observant. 

The principles have been actually formulated, more 
or less explicitly, and in very different ways, in large parts 
of arithmetic, geometry, mathematical analysis, and logic, 
by Leibniz, Frege, Dedekind, Pasch, Peano and his school, 
Hilbert and his school, Russell, Whitehead, Huntington, 
Veblen, and others ; and many people have considered that 
the existence of indefinable ideas and indemonstrable prop- 
ositions in various branches of science is a hopeful sign 
for theology. Indeed, they think, if theology is reproached 
by some sceptic for dealing with undefined ideas and un- 
proved or unprovable propositions, it can retort by pointing 
to what all admit to be the most securely founded sciences 
of all. "These sciences have now," it would say, "grown 
up to the stage of frank admission that they rest on a basis 
of indefinables and indemonstrables ; why then urge an 
alleged insecurity of such a basis against theology?" 

Such a thesis seems to have prompted a recent article 
by Mr. C. W. Cobb on "Certainty in Mathematics and in 
Theology."* But one somewhat important point appears 
to be overlooked in such a contention. Whereas the whole 
of mathematics can be deduced from a small number of 
primitive ideas and propositions which are necessary for 
the subsistence of any reasoning at all, it seems that the 

*Hibbert Journal, Vol. XII, pp. 404-408. 
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most interesting part of theology consists entirely of in- 
definable ideas and of — at least deductively — indemon- 
strable propositions which are none of them necessary for 
reasoning. 

If we admit that there are such things as human beings, 
that most human beings are not Christians, and that most 
human beings have some redeeming feature, we can deduce 
by pure logic — modern logic, not the traditional logic of 
Aristotle — that at least one non-Christian has some re- 
deeming feature. But such propositions of controversial 
theology are not of very great interest. The propositions 
of controversial and other theology which are of interest 
are such propositions as that the Pope is infallible, that 
sinless but unbaptized children are saved — or damned, as 
the case may be — that the Bible was inspired by God, that 
the Bible's authority is derived from that of the Church, 
and so on. Now, none of such propositions seem capable 
of logical deduction from others. In modern logic, indeed, 
we say that a false proposition "implies" any proposition, 
true or false, and that a true proposition "implies" any 
other true proposition. From this it would follow that, if 
we knew that, in certain well-defined circumstances, "The 
Pope is infallible" expresses a true proposition, it would 
be "implied" both by the proposition that the Bible was 
inspired by God and that it was not, that Socrates died of 
drinking hemlock and that Socrates died of old age, or by 
both that twice two are four and that twice two are five. 
But the logicians do not mean by "logical implication" 
what ordinary people do, and what ordinary people mean 
by it seems to be: "Deducible by logical rules from the 
premises." It is true that we have some reason to believe 
that these two definitions of "implication" come to the 
same thing. Thus Dr. X, a renowned philosopher, once 
doubted that 2 + 2 = 5 implied that he was the Pope. A 
distinguished mathematician at once retorted that, since 
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2 + 2=4, the premise showed that 5 would be equal to 
4, and hence that 2 would be equal to 1. Thus, since X 
and the Pope are two, they are one. But, unless we assume 
a knowledge of the truth of theological propositions and 
use the word "implication" in the technical and somewhat 
paradoxical sense of the logicians, we shall not find, I 
think, that any important theological proposition implies 
any other. 

11. 

Theology, indeed, in so far as it is not ethnology or 
psychology, would seem to employ logical deduction very 
little, and to consist of propositions which either describe 
alleged physical facts or are deductions — not logical, but 
such as "common sense" draws, in its usual manner, at 
one time happily and at another unhappily, but often fal- 
laciously, from these facts. Of course, logical rules are 
used in ordinary conversation. I have heard, with a shock 
of surprise, some one who had not the remotest idea of what 
logic is concerned with, apply one of what are known as 
"De Morgan's rules" with great facility. "Mr. Jones won't 
believe that Miss Smith is a lady-cricketer!" exclaimed 
this lively person, "so I suppose that either he won't believe 
she is a lady, or he won't believe that she is a cricketer !" 
Still, there is a great difference in the extent to which logic 
is used in, say, mathematics and that in ordinary conver- 
sation. 

Logic is the structure in which all our scientific or philo- 
sophical knowledge is stored in a readily accessible manner. 
But the storehouse used for knowledge of the world and 
of God is very small considering the wealth of information 
supposed to be stored away. One of the most important 
functions of logic is to provide a means for arranging our 
great possessions in facts of nature, for putting these facts 
in order. We may be possessed of a mass of valuable 
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papers, but their value is very greatly diminished if they 
are not arranged according to some easily remembered 
system ; so that we can find any particular paper as easily 
as we can find, from a knowledge of its number, the house 
of a friend in an unknown street. If our knowledge of the 
facts of nature were unsystematized, we might accumulate 
a very large number of measurements of the corresponding 
pressures and volumes of a gas at a constant temperature; 
but Boyle's law makes — or rather would make if it were 
quite accurate, instead of being merely a good approxima- 
tion — a unity of all these isolated results. It is evident, 
by the way, that such a systematization also serves the 
purpose of lightening the load that memory has to carry, 
that it "economizes thought," as Mach puts it; but this 
important function of systematization is outside our present 
purpose. 

in. 

It is a very common custom to attribute strict logical 
concatenation to the doctrines of the Roman Catholic 
Church : 

"First cut the liquefaction, what comes next 
But Fichte's clever cut at God himself?" 

"No definition of doctrine uttered by the divine Voice 
of the Church on earth," says Mgr. R. H. Benson," "is in 
any sense whatever an addition to the original deposit of 
truth committed to her at the beginning ; no apparent modi- 
fication or correction made by the same authority is a 
withdrawal of any definition previously made; both are 
alike nothing more or less than a more exact form of state- 
ment of the unchangeable Creed of the Church." 

Let us investigate, by way of an example, the premises 
on which the claim for Papal Infallibility is based. We 

B Preface to H. B. Coxon's Roman Catholicism : An Explanation of Catholic 
Belief Taken from Ottcial Sources. No. 32 of "The People's Books," p. v. 
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must remember that "the teaching of faith which God has 
revealed has not been given like a philosophical discovery, 
to be perfected by human wit ; but has been delivered as a 
divine deposit to the Spouse of Christ, to be faithfully kept 
and infallibly declared. And it is on account of this that 
that meaning of the sacred dogmas is perpetually to be 
retained which our holy Mother the Church has once de- 
clared ; and that sense is never to be departed from, under 
the name of a deeper understanding of them."* Again: 
"It is utterly stupid both pyschologically and historically 
to suggest that when an article is announced explicitly in 
a creed it is therefore a new belief, while, of course, I admit 
that it is a new necessary belief." 7 

All this makes it quite clear that the Roman Catholic 
Church merely professes to extract and make more definite 
("to define") for the needs of the time being the implica- 
tions of this "deposit of faith." Unless "faith" — besides 
being "a supernatural virtue, whereby, through the inspira- 
tion and help of God's grace, we believe the things revealed 
by Him to be true, not because the natural light of reason 
perceives their intrinsic truth, but for the sake of the 
authority of God Himself who reveals them, who can 
neither be deceived nor deceive," 8 — is also a method for 
drawing necessary conclusions which has hitherto been 
unrecognized by logic, no intelligent person can admit any 
justification for the process by which the dogma of Papal 
Infallibility is distilled from what seems to be a promise 
which is half a rebuke given by Jesus Christ to Peter. 

After repeating that "the Holy Spirit was not promised 
to the successors of Peter, that by his revelation they might 
declare new doctrine, but that through his assistance they 
might preserve holily and expound faithfully the revelation 

8 Coxon, op. cit., p. 29. This is quoted from an official source. 

' Ibid., p.. 18. 

8 Ibid., p. 23. This, again, is quoted from official sources. 
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or deposit of faith delivered through the Apostles," 8 the 
Vatican Council of 1870 proceeds to reason as follows: 10 

"Their apostolic teaching the venerable Fathers have 
embraced and the holy orthodox Doctors have venerated 
and followed ; fully conscious that this See of Saint Peter 
remains ever free from all error, according to the divine 
promise of our Lord and Saviour made to the prince of all 
His Disciples: I have prayed for thee that thy faith fail 
not ; and thou being once converted, confirm thy brethren. 
Hence this blessing of truth and unwavering faith was 
divinely conferred upon Peter and his successors in this 
Chair, that they might carry out their lofty office for the 
salvation of all ... . " 

IV. 

It is relevant to quote the context" of the remark to 
Peter which has just been mentioned. I quote from the 
Revised Version. 

"Simon, Simon, behold, Satan asked to have you [i. e., 
the Disciples] that he might sift you as wheat: but I made 
supplication for thee [i. e., Peter] that thy faith fail not: 
and do thou, when once thou hast turned again, stablish 
thy brethren. And he said unto him, Lord, with thee I 
am ready to go both to prison and to death. And he said, 
I tell thee, Peter, the cock shall not crow this day, until 
thou shalt thrice deny that thou knowest me." 

Accordingly, Peter clearly considered that he was af- 
firming a class of true propositions of the form : "My faith 

is now so firm that ," the "now" being the then present 

or any future instant; whereas Christ had asserted that at 
one or more instants in the past, present, or future, Peter's 
faith was or would be only firm in virtue of the above 
prayer. Christ thereupon retorted that Peter's faith would 
fail at a certain future time. All four Evangelists are care- 

» Ibid., pp. 73-74. «• Ibid., pp. 74-75. « Luke, xxii. 31-34. 
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ful to record both the prediction of Peter's denial and the 
actual denial, but only Luke records any remark of Christ's 
about prayers that Peter's faith should not fail." It seems, 
then, just to conclude that Peter's denial and Christ's fore- 
knowledge of it are at least as certain as Christ's remark 
that he had prayed that Peter's faith should not fail. Now, 
a denial involving the shrinking from a possible martyr's 
death for the sake of trust in the divinity of Christ, was 
clearly considered by both Peter and Christ as a failure 
of faith. Thus it is not relevant to say (if anybody should 
wish to say it — which does not seem very probable) that 
"failure of faith" does not mean any such human weakness 
as lying to save one's liberty or life, because of a lack of 
confidence in somebody else's pretensions ; but an inability 
to perceive the truth of the principles or methods of de- 
duction of Christianity. For, in that case, Christ's proph- 
ecy would be quite irrelevant to his "promise" to Peter — 
a statement of what had happened or was to happen (past 
and possible future failures of faith but for Christ's pray- 
ers) put in the form of a rebuke. 

No Roman Catholic, I imagine, would admit that Jesus 
Christ's prayers were ever ungranted, so this apparently 
reasonable way of escape is cut off for him. Consequently, 
he must hold — though he would not, of course, state this 
belief explicitly — that Christ, when he prayed that Peter's 
faith should not fail, excluded those future instances (if 
there were more than one) where it was to fail. That there 
were to be no such instances after the Ascension, when 
Peter was presumably left as head of the Church on earth, 

12 It may also be noticed that Matthew (xvi. 18-20) is the only Evangelist 
who gives the alleged remark of Christ's about Peter, the rock, the Church, 
and the power given to the Church, which, as everybody knows (cf. also 
Coxon, op. cit., pp. 66, 72), is a very important part of the foundation of the 
Roman Catholic Church. We are forced to conclude that a very important 
part of the Roman Catholic dogma logically depends on the supposition that 
Christ punned on the name "Cephas," and that Matthew or the unknown 
author of "Q" translated Christ's pun. (Cf. Hastings' Dictionary of the Bible, 
p. 759.) 
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is nowhere stated, and is not logically deducible from the 
proposition that at some instants Peter's faith was not to 
fail. The extension of the freedom from error to Peter's 
successors again requires some other than a merely logical 
principle for its deduction from the "deposit of faith." 

So long as Peter's faith did not fail — which we will 
assume, for the sake of argument, was always the case until 
the denial — we may hold that Christ's prayer was certainly 
granted, and we may even hold, it seems, that Peter's faith 
would have failed if Christ had not prayed. But, the 
moment that we extend the space of time forward, so as 
to include at least one moment when Peter's faith did, in 
fact, fail, we must conclude that Christ's prayer could be 
reduced to the prayer that Peter's faith should not fail 
except when it should happen to do so. Now, we cannot 
suppose that Christ supplicated for what would happen, by 
logical necessity, whether God existed or not; so we are 
driven to the assumption, if we wish to hold that Peter's 
faith remained firm after, say, the Ascension, that Christ's 
prayer excepted, by defining them, the occasions of failure. 
Hence, to prove that Peter's faith did not fail (according 
to Christ's prayer) after a certain time, Roman Catholics 
are obliged to assume that Christ's prayer was that Peter's 
faith did not fail after that time. Now, if p is a proposition, 
p certainly implies p; but it is' rather surprising to find a 
Papal decree being made of the fact that, from the "deposit 
of faith" (p, q, r,. . . ), is deduced, not a proposition which 
is implied, but not always recognized to be implied, by 
(p, q, r,. . . ), but one of the old propositions, p itself. If 
Papal decrees are disguised identities, one can readily 
understand why they are infallible. 



It is conceivable that a Roman Catholic might urge that 
belief in a divine promise about Peter's faith is not derived 
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from the Bible alone, but from tradition. But such an 
objection is irrelevant to the present argument, which is 
concerned with the deductions which the Vatican Council 
explicitly stated, in the passage I have quoted, to follow 
from Luke's report. Surely the statement that the Fathers 
believed in something "according to" Christ's words cannot 
be ambiguous. If so, it is clearly a Papal duty further to 
"define" Catholic doctrine. 

VI. 

The points of the above argument are as follows : 

1. Peter's denial was a "failure of faith"; 

2. We assume that Christ had prescience and that his 
prayers were always granted; 

3. Propositions (1) and (2) imply that Christ must 
have prayed that Peter's faith should not fail except 
on certain occasions (one or many), which he must 
have specified; 13 

4. Consequently, the deduction that Peter's faith did 
not fail after a certain time requires itself as prem- 
ise; 

5. Consequently, the doctrine of Papal Infallibility is 
either part of an identical proposition, or else Christ 
must be assumed to have prayed that an identity 
may be fulfilled. 

It seems, then, that, if we are to be able to attach any 
useful meaning to Luke's narrative, we must adopt some 
form of the doctrine of kenosis, and admit that Christ's 
prayers were no more likely to be fulfilled than the prayers 
of ordinary mortals, and that Christ's prescience was by 
no means complete. 

ls Unless Christ prayed that Peter's faith should only fail once. If the 
instances are quite unspecified, Christ's prayer must have been that Peter's 
faith should not fail except when it should happen to do so. 
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VII. 

In the Rev. F. H. Chase's article on "Peter (Simon)" 
in Hastings' Dictionary of the Bible, the following account 
of Christ's promise is given (p. 761) : "But Peter had been 
the subject of urgent supplication on his Master's part that 
his faith might not wholly and finally fail (ejdutfl). It is 
implied that the Apostle would not pass through the trial 
unscathed. But beyond the trial a return to former spirit- 
ual relationships is promised — a return which would bring 
with it the duty of 'stablishing his brethren.' " On the 
same page, Peter's denial is spoken of as "faithlessness" — 
a fact that confirms our first point. 

This interpretation of Christ's prayer is certainly more 
conformable to a later event, where Peter, according to 
Paul," was, in Principal Chase's 15 words, "guilty, not of 
false doctrine, but (as once before) of moral cowardice," 
and consequently, according to the same writer, of "faith- 
lessness." But it is quite obvious that this more reason- 
able interpretation of Christ's prayer is quite fatal to the 
claim for Peter's absolute firmness in faith and infallibility 
after the Ascension. 

VIII. 

In what precedes, it has not been my intention to de- 
preciate religion simply because of its very sparing use of 
logical deduction and overwhelming number of indefinables 
and indemonstrables. There seems, indeed, some ground 
for objection to the admission of primitive ideas and propo- 
sitions which seem to be partly arbitrary and partly based 
on very slender evidence — the report, for example, derived 
from unknown sources, that somebody else alleged such 
and such a thing to have happened, other evidence for the 

14 Gal. ii. 11. It may be noted that this Epistle is accepted as canonical 
by the Roman Catholic Church. 

"Loc. cit., p. 765. 
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happening of the thing being somewhat conspicuously ab- 
sent. But everybody must admit the nobility of the strain- 
ing after ideals which neither help us to attain bodily com- 
forts nor put us in the way of gratifying any of the very 
common and mundane desires of human beings. Such an 
ideal was the intellectual "curiosity" of which Aristotle" 
speaks; such ideals are those of many, both now and in 
the past, who have made sacrifices of themselves for what 
they believed to be the truth ; such are the exalted ethical 
ideals of religious persons. It is a matter for wonder and 
thankfulness that such ideals exist, even if a primitive 
credulity and hankering after magic seems always to ac- 
company them at first. This is by no means the case 
with religions alone. The sciences still bear numerous 
traces of that primitive credulity which would make a "law 
of thought" of the principle of the uniformity of nature, 
and — as Mach and Karl Pearson have shown — of the 
fetishism involved in such conceptions as that of "force." 
Certain people have tried to abolish or explain away — in 
part at least — the "miraculous" element in religions, and 
bring religion more into harmony with philosophy and 
science. But a deductive theology is still a very distant 
ideal. 

Philip E. B. Jourdain. 
Cambridge, England. 

l « See Prof. A. E. Taylor's Aristotle (No. 67 of "The People's Books"), 
p. 14. 



